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ABSTRACT

Uniform random rotations are an effective preprocessing step for quantization:
they make normalized coordinate distributions approximately Gaussian, enabling
the use of codebooks optimized offline. We introduce TORQUE, a framework
that improves on previous quantization works that use random rotations by jointly
optimizing how many and which coordinates to preserve at high precision both
before and after rotation, under a fixed overall expected bit budget.
Intuitively, before rotation, preserving large input coordinates at high precision
can reduce overall error by preventing the rotation from spreading their values
across many coordinates. Likewise, after rotation, preserving a small fraction of
the largest-magnitude coordinates at high precision allows the remaining values to
be quantized more accurately using codebooks optimized offline for the resulting
truncated Gaussian distribution.
We derive a quantization error upper bound and prove that top-k pre-rotation re-
tention minimizes it for each k. This reduces the search over coordinate subsets
to an optimization over k, enabling a fast optimizer that uses offline codebooks
and parallel parameter selection for practical implementation. We demonstrate an
improved tradeoff between reconstruction accuracy and storage cost through nu-
merical evaluation under the Gaussian model and experiments on nearest-neighbor
retrieval, KV-cache compression, and activation compression.

1 INTRODUCTION

Random-rotation-based quantization reduces the memory, communication, and computation costs of
machine learning tasks, with applications in distributed training [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] and
inference [13, 14, 15, 16, 17], and approximate nearest-neighbor retrieval [18, 19]. Random rotations
regularize the coordinate distribution: under a uniform random (Haar) rotation, every fixed-norm input
induces the same spherical distribution, whose fixed-size marginals approach a Gaussian. This allows
the use of precomputed codebooks optimized for that distribution with input-independent accuracy
guarantees, while randomized Hadamard transforms provide efficient practical implementations
[1, 20, 21]. Production frameworks also support this approach: vLLM includes a backend with
Hadamard rotation, and its Compressor supports rotation-based transforms [22, 23].

We identify two potential sources for improvement in quantization based on random rotations. First,
a rotation can obscure useful structure in the original vector. For example, when a few coordinates
have particularly large magnitudes (outliers), preserving them at higher precision before the rotation
can be more effective than spreading their values across the rotated vector. Second, the rotated vector
can yield outliers that benefit from separate, higher-precision encoding, while the remaining values
(the inliers) are passed to a lower-bit quantizer. Importantly, this allows the inliers to be quantized
over a narrower range, increasing accuracy. We jointly optimize this outlier selection before and after
the rotation to leverage both opportunities under a fixed bit budget. Outlier retention was previously
considered before and after rotation in isolation and without such an optimization.

Before rotation: preserving structure in the input. Special handling of outliers is common
even in methods that use no rotation. LLM.int8() isolates outlier feature dimensions for 16-bit
multiplication while processing the remaining features in 8 bits [24]; this mechanism is available in
Hugging Face’s bitsandbytes [25]. SpQR preserves sensitive individual weights at higher precision,
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and OWQ preserves sensitive weight columns [26, 27]. AWQ also motivates protecting salient
weights, but implements that protection through activation-aware channel scaling rather than a
retained high-precision subset [28]. HKVQ considers isolating outliers before quantizing the rest to
INT2 format for disaggregated inference [29, 30].

After rotation: quantizing a bounded Gaussian distribution. Retention of post-rotation outliers
has previously been considered by QUIC-FL [4]. QUIC-FL rotates the input, transmits values
outside a central interval separately, and optimizes an unbiased stochastic quantizer for the bounded
inlier distribution. There, rotation and outlier retention are complementary: the rotation supplies a
predictable distribution, and retaining outliers separately allows finer quantization of the remaining
coordinates. Overall, this results in increased accuracy.

The central question is how many and which values to retain at each stage. While previous works
considered outlier retention at different stages, they did not jointly allocate one vector’s bit budget
across pre-rotation retention, post-rotation retention, and inlier quantization. The decisions are
coupled: retaining values reduces the error but costs value and index bits that could otherwise improve
the inliers; pre-rotation retention reduces the norm of the remaining vector before normalization.

We introduce TORQUE (Two-stage Outlier-retention Rotated QUantization FramEwork), a frame-
work that models all these choices as a single optimization problem. Given a total expected bit budget,
it determines the pre-rotation and post-rotation outlier retention policies, and the inlier bit-budget and
codebook, charging both retained values and their positions. Importantly, the inlier codebooks are
designed offline for the resulting induced (truncated Gaussian) distribution.

TORQUE applies to scalar and vector quantizers. Moreover, TORQUE preserves unbiasedness when
the inlier reconstruction is unbiased. Namely, unbiased estimation of the inliers, exact retention of
outliers, and linear recombination through the inverse rotation yield an unbiased estimate.

Contributions.

1. Joint optimization formulation and framework. We identify outlier retention before and after
rotation as coupled decisions and introduce TORQUE, a framework that jointly optimizes them
under a shared bit budget. Our formulation accounts for the costs of retained values, their indices,
and quantizing the remaining coordinates.

2. Theoretical structure and fast online solution. We derive an NMSE upper bound and prove that
retaining the largest-magnitude input coordinates before the rotation minimizes this bound. This
reduces the search over coordinate subsets to optimizing their size. We combine this with offline
codebook design and parallel candidate evaluation to enable fast online parameter selection.

3. Evaluation across quantizers and ML workloads. We numerically quantify worst-case error
reductions for scalar and vector quantizers and evaluate on nearest-neighbor retrieval, KV-cache
compression, and activation compression. Our results demonstrate that TORQUE consistently
improves the tradeoff between reconstruction accuracy and bit-budget for rotation-based scalar
and vector quantization schemes.

2 THE TORQUE FRAMEWORK

Figure 1 illustrates TORQUE. Given the input and a target bit budget, the joint optimization selects
the retained outliers before and after rotation, and the quantizer hyperparameters for the remaining
(inlier) entries. We first explain the general workflow and then define the optimization problem.

Specifically, we first describe TORQUE with recommended design choices that trade off compression
error and computational complexity. Appendix B discusses alternative implementation choices.

2.1 ENCODING AND DECODING

Let k ∈ {0, 1, . . . , d}, c ∈ C ⊂ (0,∞] and s ∈ S ⊂ [0,∞) be parameters that our joint optimization
(§2.3) chooses based on the nonzero input x ∈ Rd and the bit-budget b ≥ 0. Here, C and S are
finite sets of supported thresholds and bit allocations. As detailed in §2.2, for each (c, s), we use an
(offline) precomputed optimized codebook Qc,s.
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Figure 1: Illustration of the TORQUE framework. Given an input vector x ∈ Rd and a total budget
of db bits, the joint optimization selects the number k of largest-magnitude coordinates to retain at
high precision before rotation, the retention threshold c after rotation, and the bit budget s with a
matching offline precomputed codebook Qc,s for quantizing the remaining entries.

Encoding. First, the encoder stores the k largest-magnitude input coordinates, along with their
positions, and sets those positions in the input to zero. Importantly, the input keeps its original
dimension throughout encoding, enabling fast in-place rotation. In practice, since only a small
number of coordinates are expected to be stored separately, the additional memory overhead is small.

Choosing the k largest-magnitude coordinates minimizes the error bound for a given k: after
normalization and a uniform random rotation,1 every input induces the same spherical distribution and
hence the same expected quantization error. Therefore, as we prove in Appendix A, the optimization
only needs to search over how many coordinates to retain.

After normalization and rotation, values whose magnitude exceeds the threshold c are stored separately
with high precision. For vector quantization, we retain the q-sized block if its norm exceeds c. The
values that are not retained, i.e., the inliers, are then quantized using the precomputed codebook Qc,s

which is optimized for the induced truncated Gaussian distribution.

Finally, the encoded representation includes c, s, the retained values and positions from both retention
stages, the quantized inlier encoding, and the normalization factor.

Decoding. The decoder starts by reconstructing the inliers and reinserting the values retained after
rotation. It then applies the inverse rotation and reverses the normalization. Finally, it overrides
the entries in the reconstructed vector with the values retained before rotation, using their original
positions. Importantly, if the quantization is unbiased, the decoding preserves unbiasedness.

Generating the rotation. As in previous work (e.g., [2, 18]), the encoder and decoder generate
the same rotation using a common pseudorandom number generator seed. This means that the
rotation need not be stored as part of the representation. Previous work also used shared randomness
to optimize the quantization [34, 35, 36]; this is orthogonal to TORQUE, and may improve its
quantization further.

1For theoretical analysis, we assume that the encoder and decoder share a uniform random rotation, also
known as the Haar rotation, while randomized Hadamard transforms provide efficient practical implementations
[1, 4, 20, 21]. Indeed, recent work has demonstrated that RHTs can approximate Haar rotations with provable
guarantees [31, 32, 33].
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2.2 FORMULATION

Error measure. Throughout the paper, we measure reconstruction error using the vector normalized
mean squared error (NMSE). For a nonzero input x ∈ Rd and its reconstruction x̂, this is

NMSE =
E∥x̂− x∥22

∥x∥22
, (1)

where the expectation is over the rotation and any randomness in the quantizer.

Input normalization and retained coordinates. For k ∈ {0, . . . , d}, let x−k ∈ Rd be the vector
obtained by setting the k largest-magnitude coordinates to zero. We also use xk = x− x−k to denote
the vector with the largest-magnitude coordinates and zeros elsewhere.

Let ρk =
∥x−k∥2

2

∥x∥2
2

be the fraction of the squared input norm remaining after retention. If ∥x−k∥2 = 0,
all remaining coordinates are zero. The retained values already specify the entire input, so we skip
rotation and quantization. This case has zero error and pays only the cost of pre-rotation retention.

When ∥x−k∥2 > 0, we normalize it as zk = x−k ·
√
d/∥x−k∥2 ∈ Rd, which satisfies ∥zk∥22 = d.

Rotation and quantization. Let R be the rotation and write U = Rzk. The rotation makes the
expected squared value of each coordinate equal to one.

For scalar quantization, we retain each rotated coordinate whose magnitude exceeds a threshold c.
Each remaining coordinate lies in [−c, c] and is encoded with a scalar quantizer.

The extension to vector quantization is direct. We partition U into blocks of q coordinates, where
q divides d, and retain a whole block Uj when ∥Uj∥2 > c. Each remaining block is encoded with
a vector quantizer. Observe that the case q = 1 recovers scalar quantization, and c = ∞ retains no
rotated values in either case. Pre-rotation retention still selects individual coordinates.

Offline codebook construction. Before encoding any input, we choose a set C of candidate
thresholds and a set S of candidate bit allocations. Here s ∈ S is the number of bits per inlier
coordinate. For each pair (c, s) ∈ C ×S, we design a quantizer Qc,s from the chosen scalar or vector
family. The threshold determines the range of values the codebook represents, while s determines
how many bits are available to encode them.

Specifically, for a scalar quantizer, we optimize the codebook for a standard Gaussian conditioned
to lie in [−c, c]. For a vector quantizer, we use a Gaussian block G ∼ N(0, Iq) conditioned on
∥G∥2 ≤ c. We focus on centroid codebooks for these truncated Gaussian distributions, but our
framework also supports any other codebook design.

Importantly, for each pair (c, s), we compute the codebook Qc,s once, offline, and reuse it across
input dimensions.2 We also precompute the expected error of the complete reconstruction, including
post-rotation retention, to allow a fast search during optimization.

We first consider scalar quantization. Let G ∼ N(0, 1). Values with |G| > c are retained exactly,
while the remaining values are reconstructed using Qc,s. The Gaussian-model error is therefore

ϵ(c, s) = E
[
(Qc,s(G)−G)2 · 1{|G|≤c}

]
.

Namely, only inliers contribute error.

For vector quantization, we apply the same construction to blocks of q coordinates. We now take
G ∼ N(0, Iq) and retain blocks whose norm exceeds c. The normalized error becomes

ϵ(c, s) =
1

q
E
[
∥Qc,s(G)−G∥22 · 1{∥G∥2≤c}

]
. (2)

We divide by q because E∥G∥22 = q. Both expectations include any randomness in the quantizer.

At runtime, the joint optimization selects a codebook together with the 2-stage retention parameters.
2Alternatively, one can use adaptive methods to optimize the quantization for the specific rotated vector at

the cost of increased complexity [3, 37, 38].
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Storing retained values and their positions. Each retained value requires bits for the value itself
and for its position. We use fixed-width indices for the positions. Let vpre, vpost denote the value costs
before and after rotation, and let ppre, ppost denote the corresponding index costs. The total costs per
retained scalar are

Lpre = vpre + ppre, Lpost = vpost + ppost. (3)

The expected bit budget. Let b be the target number of bits per input coordinate, giving a total
budget of db. We first consider scalar quantization of a nonzero remaining vector. Let pd(c) be the
expected fraction of coordinates retained after rotation. The expected number of stored bits is

B(k, c, s) = kLpre + d
[
pd(c)Lpost + (1− pd(c))s

]
. (4)

The first term counts the values and positions retained before rotation. Inside the brackets, the first
term pays for retention after rotation and the second pays for the inlier codes.

When ρk = 0, we instead set B = kLpre and the objective to zero. Any required metadata costs are
added before checking feasibility.

For vector quantization, we retain a block Uj when ∥Uj∥2 > c. We therefore replace the scalar
retention probability pd(c) = pd,1(c) with pd,q(c) = P(∥Uj∥2 > c). Each coordinate is retained
whenever its block is retained. Thus, pd,q(c) is also the expected fraction of coordinates retained.
Each retained block needs only one index, so its index cost per coordinate, ppost, is the number of bits
in that index divided by q. With these changes, Equation (4) also applies to vector quantization.

The number of values retained after rotation varies with the rotation. Thus, B is the expected number
of bits used to store retained values, their positions, and inlier codes, averaged over the rotation.
The complete representation also includes metadata (e.g., the normalization factor and quantizer
identifiers). Since the target budget covers the complete representation, we add the metadata costs to
B before checking the budget constraint.

2.3 JOINT OPTIMIZATION AND SOLUTION

Reconstruction error. The decoder first uses the quantizer to estimate inlier coordinates and
overrides the retained positions with their values. Let Û denote this estimate. Inverse rotation gives
the approximation of zk:

ẑk = R⊤Û .

A rotation preserves squared distances. Since ∥zk∥22 = d, its NMSE is

ϵd(c, s) =
1

d
E∥ẑk − zk∥22 =

1

d
E∥Û − U∥22.

The distribution of U is the same for every zk. Thus, for the selected quantizer family and dimension
d, ϵd(c, s) can be precomputed offline for each pair (c, s). The vector U is uniform on the sphere of
radius

√
d, and each coordinate has a scaled, shifted Beta distribution [3]. In practice, we approximate

its fixed-size block marginals by Gaussians and use ϵ(c, s) as an approximation to ϵd(c, s).

To restore the scale, we multiply by ∥x−k∥2/
√
d. Before overwriting the retained input positions,

this gives the intermediate reconstruction

x̃ = xk +
∥x−k∥2√

d
ẑk, x = xk +

∥x−k∥2√
d

zk.

Under exact retention, xk appears in both expressions and cancels when we subtract them. Therefore,

E∥x̃− x∥22
∥x∥22

= ρk ϵd(c, s).

At the retained input positions, zk is zero, so any nonzero reconstructed value there is noise. The
decoder replaces this noise with zero before adding the retained values. This can only decrease the
squared error. The final reconstruction x̂ therefore satisfies

NMSE =
E∥x̂− x∥22

∥x∥22
≤ E∥x̃− x∥22

∥x∥22
= ρk ϵd(c, s).
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Selecting the parameters. We use the Gaussian approximation of this bound to compare candidates
and choose the feasible combination with the smallest modeled error:

(k∗, c∗, s∗) ∈ argmin
k∈{0,...,d}, c∈C, s∈S: B(k,c,s)≤db

ρk ϵ(c, s). (5)

The search uses integer values of k, and the dimension stays d for every candidate. When the
remaining vector is zero, we use the exact reconstruction from retained values described above.

The choices affect each other. Retaining more input coordinates reduces the squared norm of the
remaining vector, but leaves fewer bits for quantizing it. Similarly, lowering the post-rotation
threshold narrows the inlier distribution, but spends more bits on high-precision values.

We include k = 0 and c = ∞ among the candidates. This allows retention only after rotation, as well
as quantization without retention at either stage. Thus, the selected Gaussian-model objective cannot
exceed that of any feasible baseline included in the candidate set.

Solution complexity. As we prove in Appendix A, pre-rotation retention reduces to choosing the
number of retained coordinates. We present two alternative implementation options.

For fixed (c, s), ρk is nonincreasing in k, while ϵ(c, s) ≥ 0 is independent of k. Thus, the largest
feasible k minimizes their product. Let T (c, s) = d[pd(c)Lpost + (1− pd(c))s]. Thus, for each (c, s)
we obtain kmax(c, s) = min {d, ⌊(db− T (c, s))/Lpre⌋} , provided kmax(c, s) ≥ 0. Otherwise, the
pair c, s is infeasible. We sort the squared coordinates once, in O(d log d) time, and compute their
cumulative sums in O(d) time. Evaluating ρkmax(c,s)ϵ(c, s) for a given (c, s) then takes O(1) time,
giving total parameter-selection time O(d log d + |C||S|). Moreover, the evaluation of each (c, s)
candidate is independent and can be parallelized on a GPU.

For the second implementation, let K = {kmax(c, s) | c ∈ C, s ∈ S} be the set of all k values that
are of interest. We run the Multiple Selection algorithm that allows computing the |K| quantiles of |x|
in O(d log |K|) time. Accumulating squared-coordinate sums during partitioning gives each required
∥x−k∥22 and hence ρk, with ties split to retain exactly k coordinates. The total parameter selection
time is thus O(d log(|C||S|) + |C||S|).
Combining the two options, we obtain a runtime bound of O(|C||S|+ d ·min{log d, log(|C||S|)}).
Small candidate sets are natural in practice. The implementation typically supports only a few bit
allocations, keeping S small. We can choose and refine the thresholds in C offline until additional
candidates offer little improvement. This balances accuracy against codebook storage and search
time, while keeping codebook construction offline and allowing retention to adapt to each input.

For the rotation, the practical choice is to apply a randomized Hadamard transform to zk at O(d log d)
time, and the decoder can apply its inverse. This option uses the same retention rules and precomputed
codebooks. Moreover, using Hadamard compositions or dithering offers O(d log d) time while
providing theoretical guarantees that asymptotically match those of a uniform random rotation
[31, 32, 33].

Overall, the complexity remains largely determined by the inlier quantizer and its rotation. TORQUE
reuses these operations, adding parameter selection and O(d) work for thresholding and recombi-
nation. For small, fixed sets C, S, this additional work is O(d log d). Thus, even when the inlier
quantizer uses the fast O(d log d) rotation, TORQUE preserves its asymptotic complexity.

3 EXPERIMENTS

The application experiments compare the scalar quantizers EDEN [1], RaBitQ [18, 39], and Turbo-
Quant [40], with and without TORQUE. Section 3.4 also evaluates the vector quantizer HIGGS [17]
under the Gaussian model. The main figures use unbiased scalar reconstruction and Gaussian
reciprocal reconstruction for HIGGS. Biased variants appear in Appendix C.

Retained values cost v = 16 bits each and indices cost p = 8 bits each. For scalar applications, we
divide vectors into consecutive chunks of at most 256 coordinates. A vector block of q coordinates
shares one index, so its retention costs 16q + p bits and supports at most 256 blocks per rotation.
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Figure 2: Qwen2.5-0.5B TORQUE improvement: (a) activations; (b) key caches; (c) value caches.

3.1 ACTIVATION AND KV-CACHE COMPRESSION

We evaluate Qwen2.5-0.5B [41] on the WikiText-2 test split [42]. Here, we compare the unbiased
variants of the above quantizers, while the biased variants are evaluated in Appendix C.1.

Activations. We run the model on eight text segments of 256 tokens each and choose eight tokens
from each segment. For these 64 tokens, we record four activation vectors within each of the model’s
24 decoder blocks: the input to the query/key/value projections, the input to the attention output
projection, the input to the MLP gate/up projections, and the input to the MLP down projection.
We quantize each recorded vector in consecutive chunks of 256 coordinates. If 128 coordinates
remain at the end, we quantize them as a separate chunk of size 128. For TORQUE, each chunk uses
both retention stages.

As shown in Figure 2(a), TORQUE reduces the NMSE by 30.8–51.5% for EDEN, 31.8–86.2% for
RaBitQ, and 33.6–51.2% for TurboQuant. Interestingly, for non-integer values of b, our improvement
is larger than for integer ones. This is because it allows TORQUE to use an integer number of bits
when quantizing inliers and use the residual bits for the retained values. For the raw inlier quantizers,
a fractional budget means mixed-precision quantization, leading to a less favorable bit-budget to
accuracy tradeoff as shown in EDEN [1].

KV caches. We run the model on 16 nonoverlapping text segments of 256 tokens each. For each
segment, we process the first 255 tokens to construct the key and value caches in all 24 decoder
blocks. Each decoder block has two key/value heads, each with 64 coordinates, giving 128 key
coordinates and 128 value coordinates per token. We quantize each head’s key and value vectors
separately, using both retention stages for TORQUE.

As shown in Figure 2(b) and (c), TORQUE reduces mean key and value NMSE at every tested
budget. Key NMSE decreases by 13.9–44.1% for EDEN, 16.4–94.7% for RaBitQ, and 19.7–44.8%
for TurboQuant. The corresponding value NMSE reductions are 0.8–19.6%, 1–92%, and 1.2–19.4%.

3.2 NEAREST-NEIGHBOR RETRIEVAL

Figure 3 uses the complete GloVe-200 [43] index of 1,183,514 vectors and all 10,000 queries, with
cosine similarity. We reconstruct the quantized database vectors and measure NMSE and Recall@1:
the fraction of queries for which the retrieved nearest neighbor agrees with the full-precision search.

Figure 3(a) shows the NMSE reduction, (b) the change in recall, and (c) Recall@1. Appendix C.2
includes the GIST [44] dataset and biased retrieval comparisons.

At the same bit budget, TORQUE lowers NMSE for all three quantizers. Across the 13 plotted
budgets b = 2, 2.5, . . . , 8, the mean paired NMSE reductions are up to 20.9% for EDEN, 81.5% for
RaBitQ, and 20.3% for TurboQuant, respectively. Recall@1 also improves, with gains of up to 1.5
percentage points.
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Figure 4: CUDA encoding and decoding time on an NVIDIA RTX 5090 for d = 256, batch size 128,
and a target coordinate budget of 4.5 bits. Pre, Post, and Joint denote TORQUE retention before
rotation, after rotation, and at both stages, respectively.

3.3 ENCODING AND DECODING TIME

Figure 4 shows encoding and decoding times for normalized Gaussian and Student-t3 inputs on
an NVIDIA RTX 5090. Encoding includes optimization. Our C++17/CUDA implementation uses
randomized Hadamard rotations and fused kernels that keep intermediate values in shared memory.

We compile with NVCC 13.3 for sm 120, MSVC 19.44, and -O3 --use fast math. Launch
configurations are tuned separately for each variant on a held-out seed and fixed before measurement.
We average five seeds and report 95% confidence intervals.

At d = 256, batch size 128, and a 4.5-bit coordinate budget, encoding time relative to the corre-
sponding baseline increases by 48.9–73.7% with pre-rotation retention and by 48.4–99.7% with
joint retention, across the three quantizers and both input distributions. For post-rotation retention,
the encoding-time increase is modest and always under 15.7%. Across all three retention variants,
decoding time is barely affected.

Additional results for native CPU and Apple GPU implementations appear in Appendix D.
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Figure 5: NMSE reductions from applying TORQUE.

3.4 GAUSSIAN-MODEL ERROR AND RETENTION CHOICES

Figure 5(a) isolates the benefit of retention after rotation under the Gaussian model. Since the
post-rotation distribution is independent of the input, this corresponds to the worst-case attainable
NMSE, up to an additive factor that decays with the dimension [1]. We compare each quantizer with
and without retention. The scalar curves use EDEN, RaBitQ, and TurboQuant on standard Gaussian
coordinates. The vector curves use HIGGS on blocks G ∼ N(0, Iq) of q = 2 or q = 4 coordinates.
HIGGS maps each block to its nearest codeword in Euclidean distance. For each c, s, q combination,
we fit a codebook offline for the induced truncated Gaussian distribution.

At each budget, we select the threshold and bit allocation with the smallest estimated error among the
feasible candidates, including no retention (c = ∞).

At the same expected bit budget, TORQUE reduces scalar NMSE by up to 25.69% for EDEN, 53.73%
for RaBitQ, and 24.65% for TurboQuant. For HIGGS, the plotted NMSE reductions reach 11.12%
for q = 2 and 3.76% for q = 4. Again, we see the benefit of using slightly-more-than-integral values
for b, which allows TORQUE to use the fractional leftover for the outliers.

Figure 5(b) examines the benefit of retaining large input coordinates before rotation based on the
skewness of the input distribution. We compare EDEN with retention before, after, or at both stages
on signed-lognormal and Student-t inputs. Signed-lognormal coordinates have independent random
signs and log-magnitudes drawn from N(0, θ2). Student-t coordinates have ν degrees of freedom,
plotted as h = 1/ν. Increasing θ2 or h makes large coordinates more pronounced. For each of five
seeds, we draw 256 vectors of dimension 256 and normalize them to unit norm. All retention choices
share the same inputs and randomized Hadamard rotations. The budget is eight bits per coordinate.

Relative to EDEN, TORQUE reduces NMSE by up to 99.68%. The improvement’s source depends
on input skewness: when the data is heavy-tailed (low θ2 or h), TORQUE’s improvement stems from
post-rotation retention. In contrast, when the data is skewed, the pre-rotation retention does most of
the heavy lifting. Together, these results illustrate how the two stages can complement each other.

4 LIMITATIONS AND CONCLUSION

We presented TORQUE, a framework that jointly optimizes outlier retention before and after rotation
under a shared bit budget. Our evaluation shows that TORQUE improves the reconstruction accuracy
of state-of-the-art scalar and vector quantizers across different input distributions and applications.

The main computational cost is the additional encoding time required for online optimization. This
relative overhead decreases as the vector dimension grows, while decoding time remains close to that
of the underlying quantizer. The encoding cost is less important in applications where data is quantized
once and decoded many times, making decoding latency the main concern. Examples include KV
caches for reusable system prompts and RAG contexts, as well as post-training weight quantization.

An interesting direction for future work is to reduce the optimization cost by exploiting slowly
changing input distributions (e.g., gradients over different training rounds) or sampling a small
number of chunks out of a large vector we wish to quantize for optimizing the parameters.
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A OPTIMAL RETENTION BEFORE ROTATION

We justify the top-k rule used in Section 2. The argument uses the rotation and exact-retention
assumptions stated there. We first fix the number of retained coordinates and compare the possible
sets of positions. Each set must have the same storage cost and allow the same quantizer parameters.

Error for a chosen set of positions. Let x ̸= 0 be the input, let I ⊆ {1, . . . , d} contain k retained
positions, and let hI contain the input values at those positions and zeros elsewhere. The fraction of
the squared input norm left in the remaining vector is

ρI =
∥x− hI∥22

∥x∥22
= 1−

∑
i∈I x2

i

∥x∥22
.

When ρI > 0, we normalize the remaining vector as

zI =

√
d

∥x− hI∥2
(x− hI), ∥zI∥22 = d.

For fixed parameters (c, s), let ẑI be its reconstruction. The rotation makes its expected normalized
squared error independent of the direction of zI , so

1

d
E∥ẑI − zI∥22 = ϵd(c, s).
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Restoring the scale and adding the retained values gives the intermediate reconstruction

x̃ = hI +
∥x− hI∥2√

d
ẑI .

The input has the same expression with zI in place of ẑI , so the exactly retained part cancels when
we subtract them. The decoder then restores the retained positions to their exact input values, giving x̂.
This replaces the error at those positions by zero and can only decrease the squared error. Therefore,

NMSE =
E∥x̂− x∥22

∥x∥22
≤ E∥x̃− x∥22

∥x∥22
= ρI ϵd(c, s). (6)

If ρI = 0, the retained values already specify x and the error is zero. If any set of k positions has this
property, the top-k set also does and achieves zero error at the same retention cost. The remaining
argument concerns nonzero remaining vectors.

Choosing the retained positions. For fixed k, retention costs kLpre bits. The dimension, post-
rotation position cost, and remaining budget are unchanged when we replace one set of retained
positions with another. Thus, the feasible pairs (c, s) are the same. For each pair, only ρI in the
bound in Equation (6) depends on the chosen positions.

Proposition 1 (Optimal retention for the error bound). Assume exact retention and a nonnegative,
direction-independent expected normalized squared error ϵd(c, s) for the normalized remaining
vector. Suppose all sets of k retained positions have the same storage cost and feasible quantizer
parameters. Then retaining the k largest-magnitude input coordinates minimizes the bound(

1−
∑

i∈I x2
i

∥x∥22

)
ϵd(c, s)

over all sets I of size k, for every feasible pair (c, s). Consequently, the search over k, c, s in
Equation (5) needs no additional search over position sets.

Proof. Suppose i ∈ I and j /∈ I satisfy x2
i < x2

j . Replacing i with j reduces ρI by (x2
j − x2

i )/∥x∥22.
Since ϵd(c, s) ≥ 0, this replacement cannot increase the bound. It also leaves the storage cost and
feasible parameters unchanged.

Repeating these replacements gives the k largest squared coordinates. This set minimizes the bound
for every feasible pair (c, s), and therefore also after selecting the best such pair.

Since k = 0 is included in the joint search, the minimum objective therefore cannot exceed that of
the best feasible candidate using retention only after rotation. The search may select k = 0 when
retaining input coordinates offers no improvement.

Other dimensions and error estimates. The same argument applies when retained coordinates
are removed before rotation. For fixed k, the dimension m = d− k is the same for every position
set. We normalize the remaining vector to squared norm m and replace ϵd(c, s) by ϵm(c, s). The
same top-k conclusion follows. For vector quantization, this option requires q to divide m; when no
nonzero coordinates remain, rotation and quantization are skipped.

B ALTERNATIVE IMPLEMENTATION CHOICES

The formulation in Section 2 keeps all d coordinates and uses fixed-width indices. Every choice of k
can therefore use the same rotation implementation and precomputed tables of errors and expected bit
costs. The retained positions are also simple to store and recover. Together with truncated Gaussian
codebooks constructed offline, these choices offer a useful compromise between storage efficiency
and a fast practical implementation. Below, we discuss other implementation options, not used in our
evaluation, that may offer a better accuracy to representation size trade-off at the cost of increased
complexity and storage.
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Dimension and reconstruction. One option is to remove the retained input coordinates and collect
the remaining coordinates into a smaller vector. Write m for the dimension entering the rotation: the
main formulation uses m = d, while this option gives m = d− k. For a nonzero remaining vector,
we normalize the smaller vector to obtain zk ∈ Rm with ∥zk∥22 = m, and write U = Rzk. The
decoder rescales by ∥x−k∥2/

√
m and reinserts the retained input values at their original positions.

The expected bit cost is then

B(k, c, s) = kLpre +m
[
pm(c)Lpost + (1− pm(c))s

]
and the objective becomes ρkϵm(c, s), where pm(c) and ϵm(c, s) are the expected retained fraction
and NMSE at dimension m. We substitute them into Equation (5). For vector quantization, replace
pm(c) = pm,1(c) by pm,q(c) = P(∥Uj∥2 > c) and consider only choices for which q divides m.
This option processes d − k coordinates, but the rotation size and finite-dimensional tables now
depend on k.

Since ϵm(c, s) depends on k when m = d−k, the largest feasible count need not minimize ρkϵm(c, s).
The one-count-per-pair reduction in Section 2.3 therefore does not automatically apply. Enumerating
the admissible counts with precomputed cost and error tables takes O(d log d+ d|C||S|) time.

When keeping m = d, the decoder sets the retained positions of ẑk to zero before adding the retained
values, as described in Section 2.3. This removes their reconstruction noise, so ρkϵd(c, s) is an upper
bound on the final NMSE.

Value precision and index widths. For scalar retention with fixed-width indices, the position costs
are ppre = ⌈log2 d⌉ and ppost = ⌈log2 m⌉. With m = d, a simple choice is to use the same precision
and index width at both stages: v = vpre = vpost and p = ppre = ppost = ⌈log2 d⌉. The two stages
may also use different value precisions, with their costs included in Lpre and Lpost. For blocks of q
coordinates, one index identifies a whole block. The post-rotation cost per retained coordinate is then
vpost + ⌈log2(m/q)⌉/q.

Position encodings. When few input coordinates are retained, we can store differences between
consecutive positions or encode the whole subset. These choices can use p ≈ log2(d/k) bits per
position on average, plus overhead.

We can also store retained values in their original order and record where to reinsert them among
the d− k remaining entries. Each gap index uses ⌈log2(d− k + 1)⌉ bits, approximately log2(d− k)
when d− k is large.

These choices can save index bits but require more coding work. The top-k result in Appendix A
requires equal-size position sets to have the same storage cost and feasible quantizer parameters. At
fixed dimension and fixed (c, s), a cost that depends only on k preserves the largest-feasible-count
rule, but requires solving feasibility for that cost instead of using the fixed-width formula. If the cost
depends on the retained positions themselves, the top-k guarantee need not hold.

Encoding block positions jointly. Suppose r of the m/q blocks are retained. There are
(
m/q
r

)
possible sets of retained positions. Enumerative coding stores the index of the r-sized subset, which
requires ⌈log2

(
m/q
r

)
⌉ bits, the minimum fixed-length cost when r is known. The decoder must also

know r, which can be inferred from the representation or stored using O(logm) additional bits.

Under the Gaussian model (§2.2), a block is retained with probability π = P(∥G∥2 > c). Joint
encoding uses roughly H(π) bits per block for its position, or H(π)/q bits per coordinate. Retained
coordinates use v bits each, while inlier coordinates use s bits each. Adding these costs gives

bG(c, s) =
H(π)

q
+ vπ + (1− π)s, H(π) = −π log2 π − (1− π) log2(1− π). (7)

Here, H is the binary entropy function, with H(0) = H(1) = 0. The three terms account for
positions, retained values, and inlier codes.

For fixed q, c, the expected cost per coordinate is at most bG +O(logm/m). This bound does not
require independent blocks. Including retention before rotation, the expected total cost is therefore at
most kLpre +mbG(c, s) +O(logm).
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Dimension-dependent codebooks. We use codebooks optimized for a truncated Gaussian distribu-
tion, making their design independent of the input dimension.

An alternative is to optimize codebooks for the exact distribution induced by the rotation: a scaled,
shifted Beta distribution for scalar quantization, or the joint spherical marginal for vector quantization.
For each threshold c, we condition this distribution on the coordinates or blocks that are not retained,
then design one codebook for each bit allocation s. At a fixed rotation dimension d, this gives |C||S|
codebooks, shared by all pre-rotation choices of k. If we remove the retained input coordinates, the
dimension becomes d− k. We then repeat this construction for each supported nonzero dimension,
giving up to d|C||S| codebooks.

Another option is to retain a fixed number of the largest-magnitude coordinates after rotation instead
of using a threshold. This fixes the retention count and, with fixed-width encoding, makes the bit
cost deterministic. However, the inlier distribution now depends on both the rotation dimension and
the retention count. We therefore design one codebook for each supported retention count and bit
allocation at each dimension. Supporting all counts gives up to d|S| codebooks at a fixed dimension,
or O(d2|S|) if the dimension also varies as d− k.

C ADDITIONAL APPLICATION RESULTS

We extend the application experiments in Section 3 to biased reconstruction and GIST retrieval.

C.1 BIASED ACTIVATION AND KV-CACHE COMPRESSION

Figure 6 complements Figure 2 with EDEN-B, RaBitQ-B, and TurboQuant-MSE, the biased variants
of these quantizers. We evaluate the activations using the setup in Section 3.1. For KV caches, we
use 256 contexts and retention only after rotation.
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Figure 6: Biased reconstruction: NMSE reductions for activations, key caches, and value caches. The
KV-cache results use retention only after rotation.

C.2 ADDITIONAL RETRIEVAL RESULTS

GIST retrieval. We extend the scalar comparison in Section 3.2 to squared Euclidean search on
GIST-960 [44], using its complete index of one million vectors and all 1,000 queries.

For unbiased GIST reconstruction, we store the original squared norm and include its cost in the
metadata. For a query y and an index vector x, the distance estimate is

∥y∥22 + ∥x∥22 − 2⟨y, x̂⟩.
It uses the stored ∥x∥22, rather than the squared norm of the reconstruction.

Figure 7 is the GIST counterpart of Figure 3. It shows the 13 half-bit budgets; the full sweep also
includes the intervening quarter-bit measurements. Lower reconstruction NMSE does not consistently
improve Recall@1.
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Figure 7: GIST retrieval: Recall@1, recall change, and NMSE reduction.
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Figure 8: Biased retrieval on GloVe and GIST: Recall@1, recall change, and NMSE reduction.

Biased reconstructions. Figure 8 evaluates EDEN-B, RaBitQ-B, and TurboQuant-MSE on GloVe
and GIST. We use the same seeds, budgets, and retention stage as the unbiased comparisons. Com-
bining the three biased and three unbiased variants gives 4,650 comparisons per dataset over 775
budget–seed configurations.
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Figure 9: Native CPU timing: Encoding and decoding at four bits and eight bits.

D NATIVE CPU AND APPLE GPU TIMING

We extend Section 3.3 with runtime evaluation of TORQUE for CPU and Apple GPU. All TORQUE
measurements here use both retention stages. Figures 9 and 10 separate parameter selection
(TORQUE optimization), encoding with selected parameters (TORQUE encode), and their directly
timed combination (TORQUE joint). The decoding plots compare complete reconstruction times.

Hardware and implementation. We use an Apple M2 Max with eight performance cores, four
efficiency cores, a 30-core GPU, and 32 GiB of memory, running macOS 15.7.2. The CPU implemen-
tation uses C++17, NEON instructions, and twelve persistent workers; Apple Clang 15.0.0 compiles it
with -O3 -mcpu=native -ffast-math. The GPU uses Metal kernels with fast math enabled.
Inputs, codebooks, parameter selection, rotations, and reconstruction use FP16 on both platforms,
including norm and correction sums. Power-of-two rescaling limits overflow and underflow. The
CPU keeps conservative rounding for its selection bounds. Rotations use cache blocks on the CPU
and shared-memory tiles on the GPU; indices and bit packing use integer arithmetic.

Reducing the sorting work. The GPU, and the CPU for d ≥ 1024, group coordinates into 256
buckets by magnitude. The buckets describe how large the coordinates are without sorting them
individually. For a proposed retained count k, some buckets are retained completely, some remain
completely, and at most one is split. Each bucket’s range bounds the sum of squares of its remaining
coordinates. For example, ten coordinates with magnitudes between 0.10 and 0.12 contribute between
0.10 and 0.144. Combining these bounds gives an interval for the candidate’s objective ρkϵd(c, s). If
one candidate’s lower bound exceeds another’s upper bound, it cannot win and can be skipped. The
remaining choices often require only a small subset of coordinates to be sorted. When the bounds
overlap, we keep both candidates and compare them using the actual values.

Inputs. We test d ∈ {256, 1024, 4096, 16384, 65536}, with 223/d vectors per batch. Before
timing, we generate independent Student-t3 coordinates, normalize each vector in FP64, and
store it in FP32. Both implementations convert the inputs to FP16 before timing. Seeds are
17, 29, 43, 71, 101. NumPy 2.5.3 uses PCG64 with SeedSequence([seed,d,0]) for inputs
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Figure 10: Apple GPU timing, with the same layout as Figure 9.

and SeedSequence([seed,d,1]) for rotation signs. Both methods receive the same inputs
and randomized Hadamard rotations.

Budgets and codebooks. We use budgets of b = 4 and b = 8 expected bits per coordinate
for retained values, their indices, and quantizer codes. For these measurements, both EDEN and
TORQUE reserve an additional 160 bits per vector for metadata, excluded from b. This stores norms,
a reconstruction correction factor, retained counts, and a quantizer identifier, and includes padding.

Retained values use FP16. Indices use eight bits at d = 256 and sixteen bits at larger dimensions.
Thus, for d > 256, each retained value and its index fit in one 32-bit word.

We compute the codebooks offline using

S = {1 + j/64 : j = 0, . . . , 448},
C = {1.75, 2, 2.25, 2.5, 2.75, 3, 3.5, 4, 4.5, 5, 6,∞}.

For each dimension and budget, we also precompute a list of feasible parameter choices (k, c, s) and
their error estimates. At runtime, we use the input to compare these choices and select the parameters.

Measurements. We measure the time to process a batch and divide by its number of vectors. After
warm-up, we take the median runtime for each seed and average across five seeds. Error bars show
95% bootstrap confidence intervals.

CPU timings include synchronization between workers. GPU timings cover execution on the device,
with data already in GPU memory. Each GPU timing sample processes 16 batches and reports the
average time per batch. Setup, host submission, and data transfers are excluded.

Results. Across the tested dimensions and budgets, the additional runtime cost is concentrated
in encoding, which includes online parameter selection. With the parameters already selected,
TORQUE encoding takes 1.30–1.48× EDEN’s encoding time on the CPU and 1.32–1.63× on the
GPU. Including online selection increases these ranges to 2.08–8.85× and 1.82–4.28×, respectively.
The relative overhead is largest at d = 256 and lower at every larger dimension tested. Decoding
remains closer to EDEN throughout, taking 1.12–1.41× its decoding time on the CPU and 1.13–
1.29× on the GPU.
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